A method to accurately determine the relative phase between images acquired using phase-shifted moiré interferometry is presented. Phase shifting, combined with the accurate determination of the relative phase shift, provides an improvement of the sensitivity of moiré interferometry from 0.417 m/fringe to 27.8 nm/fringe. Specifically, a 1-D continuous wavelet transform technique was developed to effectively reduce the transient environmentally induced noise and the static background noise that complicate phase determination. Using this technique, accurate relative phase shifts of the interferogram frames were determined with an error of Ϸ2%. As a result, very smooth and accurate phase-map reconstruction of the initially noisy interferogram was accomplished.
Introduction
The complexity of electronics packaging has rapidly increased over the past two decades. The shrinking size of electronic components and the increasing need for higher input and output to and from chips have led to a need for increased sensitivity in stress and strain determination for these packages. In-plane deformation studies have been used extensively to study the mechanical reliability of multilayered electronic packages. Specifically, moiré interferometry, a high-sensitivity tool to measure the in-plane deformation, has been widely applied to reliability studies of electronic packages. [1] [2] [3] [4] For example, moiré interferometry has been used to measure the response of electronic packages to transient and steady-state temperature changes. 1, 5 In addition, moiré interferometry has been used to measure solder-joint fatigue and the effect of thermal and vibrational cycles on the package. 3, 4 For moiré interferometry, the most common sensitivity is 0.417 m/fringe as a result of the 1200-line/mm holographic diffraction grating that is applied to the sample of interest. 1 However, with the continuing decrease in component size in electronic packaging, a higher-sensitivity technique is required. To this end, the introduction of phase-shifting methods has demonstrated an effective way to further boost the sensitivity of moiré interferometry. [6] [7] [8] However, since phase shifting is subject to many error sources, such as external vibration, CCD nonlinearity, and phase-shift inaccuracy, [9] [10] [11] strict environment control is usually required to obtain precise phase shifts. Additional image noise inevitably results from imperfections in the diffraction grating that is applied to the specimen cross section. These imperfections further degrade the interferogram's signal-to-noise ratio ͑SNR͒ around the defective spot. Since the reconstruction of the desired phase map requires the information from all pixels on the interferogram, the reconstruction accuracy is directly related to the SNR of the interferogram. In interferometric techniques, image noise can typically be reduced by subsequent processing. For example, the random characteristics of background noise in electronic speckle pattern interferometry ͑ESPI͒ makes Fourier filtering excellent for enhancing its SNR. 12 However, in phase-shifting moiré interferometry, Fourier filtering does not provide similar benefits.
In this study, we focus on a set of low-SNR moiré interferograms that are typical of images obtained with moiré interferometry applied to electronic packages. Specifically, a continuous wavelet transform ͑CWT͒ technique is applied to remove irregular localized noise. CWT has gradually gained a reputation as an excellent denoising tool for interferograms. In holography and speckle interferometry, CWT has been used to extract the phase map. 13 In laser plasma interferometry, CWT has been used to improve bad fringe visibility.
14 In white-light interferometry, CWT has become a solution for detecting the zero optical path length. 15 In our case, CWT is used to help to remove localized noise; for by its nature CWT is effective at maintaining only the desired major local spatial frequencies while rejecting spurious noise. To our knowledge, this paper represents the first demonstration of the usefulness of this technique in analyzing images obtained using phase shifting moiré interferometry.
It is well known that the interference intensity distribution between two coherent light beams can be expressed as:
I͑x,y ͒ϭI 0 ͑ x,y ͒•͓1ϩ␥͑ x,y ͒cos ͑x,y ͔͒, ͑1͒
where I 0 is the average image intensity, ␥ is the fringe visibility, and is the phase of the interferogram and is usually related to a physical property that we would like to measure with the interferometer. Thus, the accurate determination of is the goal of this study. With the application of phase shifting, the actual phase shift between adjacent frames is used to derive the phase 6 :
where ⌱ i is the intensity of the i'th acquired frame with additional phase shift ␦ i :
and the coefficients a i and b i are determined by the actual phase shifts ␦ i . 6 Thus, the reconstruction of the phase requires the accurate knowledge of the applied phase shift ␦ i .
In order to avoid the significant cost for system isolation and the purchase of high-resolution phase-shifting apparatuses, image-processing techniques have been developed to determine the phase shift. Typically, the phase shift between phase-shifted interferograms is carefully calculated utilizing a Fourier-domain adaptive bandpass filter. 16 Once this phase shift is determined, the equation for phase reconstruction with respect to the intensities from different phase-shift frames is rederived with a least-squares estimate 6 to take into account the actual shifts instead of the ideal 2/n shift ͑where n is the number of phase-shift steps͒.
Theoretically, very high measurement sensitivity, limited only by the CCD pixel dimensions, can be obtained if the phase can be accurately reconstructed. Currently, in phaseshifting Moiré interferometry n phase-shift steps are necessary in order to obtain an n-fold improvement in sensitivity. 7 In this study, with the aid of suitable noise removal and adaptive phase reconstruction techniques, the improvement of sensitivity is no longer constrained by the total number of phase-shift steps. We demonstrate a 15-fold improvement of sensitivity as a result of four phase-shifted interferograms. Our ultimate goal is to obtain pixel-bypixel in-plane strain distribution, which will be very useful to the study of localized mechanical problems.
CWT Preprocessing
As can be seen in Fig. 1 , there is significant noise that cannot be removed by simple image subtraction. Moreover, the widely used Fourier-domain filtering has a significant disadvantage in this case. Generally speaking, Fourierdomain filtering works well for very dense fringe patterns because the spatial fringe frequencies of those interferograms are well separated from the spatial noise frequencies. However, in many moiré interferometry experiments the physical change is on the order of the measurement sensitivity. Therefore, unless we intentionally introduce carrier fringes, we do not obtain dense fringe patterns favorable to Fourier-domain analysis. More importantly, for a complicated physical change distribution it is possible to have multiple fringe frequencies that would be difficult to analyze using Fourier-domain filtering. Since Fourier filtering is based on the overall characteristics of images, it is subject to relatively large error with regard to local frequencies. Fortunately, CWT has shown an ability to effectively handle such localized problems. 13, 14, 17 In general, by introducing a localized radial spatial frequency is in the i direction, we can rewrite Eq. ͑1͒ as Liu, Cartwright, and Basaran: Sensitivity improvement in phase-shifted moiré . . .
I͑x,y ͒ϭI
To determine these localized spatial frequencies, a wavelet, which is a specially designed pulse function, is used to analyze the local information of signal. In this case we define
where s(t) is a time-domain signal, M (t) is called the mother wavelet function, and a and b are the scaling factor and the shift parameter, respectively. From the above integral expression, we can see that the coefficient of the CWT, S(a,b), is a 2-D weight function with respect to scaling a at shift position b. Thus S(a 0 ,b) is large if the signal s(t) correlates strongly with the wavelet pulse scaled by the factor a 0 and shifted by b.
In this study, we investigate the effectiveness of 1-D CWT for processing of moiré interferograms. Accordingly, we will discuss the use of the algorithm along an arbitrary horizontal line since both x and y hold the same importance and they are symmetrical as shown in Eq. ͑4͒. In this case, the intensity expression is simplified as
To process these images, the Morlet wavelet mother function has been chosen due to the inherent sinusoidal characteristic of the resulting interferogram signal. 13, 14 The Morlet wavelet mother function is
where 0 is a positive frequency, and the first component defines a fast-decaying pulse envelope, while the second component represents a complex sinusoidal function that correlates well with the sinusoidal characteristics of the interferogram.
Following the integral in Eq. ͑5͒, and taking into account the fact that the variations in the average intensity I 0 and fringe visibility ␥ are slow, we conclude that the CWT of signal I(x) has the following format:
͑8͒
It is obvious that for reasonable values of the frequency 0 , the first term is always negligible due to the negative exponential function. Furthermore, for positive 0 , we select a positive array scaling factor a. Therefore, if s Ͼ0, we notice that the second term is negligible compared to the third term. If s Ͻ0, the third term is negligible compared to the second term. In either case, we know that the local maximum magnitude on this 2-D coefficient map with respect to a should be near a 0 ϭ 0 / s . This location is called the ridge of the CWT coefficient map. The CWT along such a ridge is thus simplified as
The real part of the CWT ridge is therefore ReS͑a 0 ,b ͒ϭ
and has the same local frequency as the original interferogram signal. In this case, by extracting the ridge, we can accurately generate a relatively noiseless interferogram from a noisy interferogram. All other frequencies contributed by noise are removed by selecting the correct ridge on the CWT.
Experiment
In order to illustrate the effectiveness of the CWT in noise reduction, the algorithm is applied to a cross section of an actual interferometry fringe, as shown in Fig. 1 , obtained by phase-shifting moiré interferometry. 18 The signal shown in Fig. 2͑a͒ is extracted from the 20th row of the fourth original image shown in Fig. 1. From Fig.  1 , we observe that the frequency of the fringes does not vary substantially across the entire interferogram. This is reflected in Fig. 2͑b͒ , where the magnitude of the CWT coefficients of the signal is shown and the approximately horizontal white line demonstrates the small fluctuation of local frequency. Also apparent from Fig. 1 is that there is a white grating defect spot at about the 30th pixel, which is reflected as a sudden rising peak in Fig. 2͑a͒ . The CWT method has successfully removed that peak, as shown in Fig. 2͑c͒ . In addition, the dark dots due to spurious reflections near pixel 160 are eliminated, and a clear smooth cosine peak is displayed in the CWT ridge at that position, as shown in Fig. 2͑c͒ . The phase of the resulting real part of the ridge shows great similarity to that of the original signal.
As demonstrated in Fig. 2 , the CWT method has successfully reduced the unwanted localized noise and returns a smooth clear cosine function as desired. The resulting 2-D CWT ridge fields of the four shifted interferograms from Fig. 1 are shown in Fig. 3 . Compared to the original fringes in Fig. 1 , the noise has been significantly reduced, and we should expect a smooth phase map reconstruction to be possible from these images.
Phase-Shift Calculation
The actual phase shifts between adjacent frames are calculated with an adaptive bandpass filter. The details of the method of the phase-shift calculation used in this study is based on the idea described by Li and Su 16 and is therefore The resultant shift calculation from CWT ridges is shown in Fig. 4 . The data were calculated from the complete 2-D images. For convenience of display, we only plot the average phase shift on each column of the 2-D matrix in the figure.
The important assumption in Li and Su's work 16 that the Fourier spectrum is a clear one with sharp peaks at the correct carrier frequency is satisfied for the CWT processed images but is violated by the original images. Therefore, we can apply an adaptive bandpass filter ͉H͉ to the Fourier spectrum H to further increase the SNR. The validity of this filter is understood by considering the matched filter design, which is widely used in the signal-processing and digital communications arena. It is well known that in the case of white noise, given the Fourier spectrum H of the summation of the signal and noise, the ratio of the power spectrum of the signal to that of the noise is maximized by selecting a bandpass filter G that is the conjugate of H, i.e., GϭH*. The fact that the noise in the CWT-processed image is very close to white in the Fourier spectrum suggests the selection of a matched filter to maximize the SNR. However, since we need to maintain the phase part of the Fourier spectrum H, the matched filter GϭH* cannot be applied directly. Therefore, it makes sense to use the magnitude of H, instead of the conjugate of H, as the bandpass Fig. 2 (a) The extracted horizontal line from an image in Fig. 1; (b) and the corresponding continuous wavelet transform. The improved-SNR reconstructed signal from the ridge of the wavelet is shown in (c). Fig. 3 CWT coefficients of the four phase-shifted images shown in Fig. 1 .
Liu, Cartwright, and Basaran: Sensitivity improvement in phase-shifted moiré . . . filter to simultaneously maintain wanted phase information and improve the SNR. A significantly reduced phase calculation fluctuation can be expected as a result of the application of the ͉H͉ bandpass filter. ͑It is noteworthy that bandpass filters of ͉H͉ 2 , ͉H͉ 3 , or even ͉H͉ n can further narrow down phase fluctuations. We choose not to apply higher-order (nϾ1) filters, since we could lose some useful information included in the side bands͒. The resultant phase-shift calculation using this ͉H͉ bandpass filter is shown in Fig. 4 . With the use of the ͉H͉ filter, we achieve an average ␦ 21 ϭ64.10 deg with fluctuation of 1.85%.
Clearly, from Fig. 4 , the FFT failed to remove the localized noise spots. The phase-shift curve is as noisy as the one obtained from the original fringe patterns. Therefore the phase reconstruction maps obtained from the original images and the FFT-processed images are expected to not be as smooth as that from CWT-processed images.
Phase-Map Reconstruction
Similarly to the procedure in which we calculated ␦ 21 ϭ64. 10 The corresponding phase-map reconstruction is shown in Fig. 5 . As we expected, the phase reconstruction from the FFT method is still greatly affected by the irregular noise spots ͑for example in the circled area͒. However, the phase reconstruction shown in Fig. 5͑a͒ is very smooth as a result of the combination of CWT preprocessing, adaptive bandpass filtering, and the rederivation of the phase equation with respect to different frames. With such a phase map, it is convenient to numerically increase the fringe density, resulting in much higher measurement sensitivity.
The measurement sensitivity of interferometry is commonly defined as the deformation per fringe. According to Eq. ͑1͒, the interference has the sinusoidal form cos . The fringes, defined either as the brightest or as the darkest interference intensity, correspond to the interference intensities at ϭ2m ͑bright fringe͒ or ϭ(2mϩ1) ͑dark fringe͒, where m is an integer. Thus, the measurement sensitivity can be understood as the deformation per 2 phase change. If we denote the original sensitivity as S m/ fringe, then with the accurate phase map we can calculate the 2-D function cos N. It is clear that the period of this cosine function is 2/N. Therefore, the resultant new fringe patterns give rise to an improved sensitivity of S/N m/fringe, i.e., S/N m per 2/N phase change. As the original displacement sensitivity is 0.417 m/fringe, due to the 1200-line/mm diffraction grating pitch generally used in Moiré interferometry, the enhanced sensitivity shown in Fig. 6 easily reaches 41.7 and 27.8 nm/fringe with great continuity by calculating cos 10 and cos 15, respectively.
As compared to the standard Fourier transform techniques, the CWT result has demonstrated an excellent improvement in phase determination. In this paper, we used the so-called worst-case images-very noisy with little stabilization through isolation of the moiré system-to demonstrate the improvement. Obviously, these benefits are also present in higher-quality images.
The accuracy of the CWT ridge extraction 14, 17 plays an important role in the phase reconstruction of actual phase shifts. It is important to point out that, in this study, we only Liu, Cartwright, and Basaran: Sensitivity improvement in phase-shifted moiré . . . related the local maximum value of the CWT magnitude to that of the adjacent pixels in the same horizontal line. However, in order to further reduce the noise effect, and to take advantage of known relationships, neighboring image rows should also be included in this calculation. In addition, the four shifted interferograms should share similar ridges of the CWT. This relationship between the extracted ridges should allow for further improvement of the phase-shift calibration and phase-map reconstruction. These relationships, along with more adaptive algorithms, will be investigated in future studies.
Conclusion
We have demonstrated a 15-fold improvement in the sensitivity of moiré interferometry images by using CWT with only four phase-shifted images. Further improvement of phase determination should result in pixel-by-pixel strain determinations. This should be of extreme interest for the study of localized mechanical properties in reliability research in the electronic packaging industry. Furthermore, the technique should be applicable to other interferometric techniques that use phase shifting.
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